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Abstract 
This paper describes an analytical model to account for the effects of creep and shrinkage on the response 
of composite steel-concrete beams with partial shear connection stiffened by means of longitudinal plates 
bolted to the bottom flange of the steel member. The particularity of this model is that the partial 
interaction behaviour is assumed to exist between the top slab and the joist as well as between the joist 
and the bolted longitudinal stiffening plate, leading to a three-layered structural representation. The weak 
formulation of the problem is obtained and used to derive a 13 degrees-of-freedom element whose 
freedoms include the axial displacements of each layer, the rotations and vertical displacements at the end 
nodes. A parametric study has then been carried out for the case of a simply supported beam to 
investigate the effects of the time-dependent behaviour of the concrete for different levels of shear 
connection stiffness. 
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1. INTRODUCTION 
This paper deals with the time-dependent behaviour of composite beams with partial interaction when 
stiffened by means of a longitudinal steel plate bolted to the bottom flange of the steel member. In this 
case, partial interaction behaviour is assumed to exist between the top slab and the joist as well as 
between the joist and the bolted longitudinal stiffening plate, therefore leading to a three-layered 
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structural representation. Goodman and Popov (1968) were the first to extend Newmark model (Newmark 
et al., 1951) to study the response of three-layered beams accounting for the deformability of the shear 
connection between adjacent layers. The values of the deflection obtained from the finite element 
simulations are compared with those calculated using the effective flexural rigidity based on the EC5 
guidelines provided in Annex B for the behaviour of elastic multi-layered beams with flexible connection. 
(EC5, 1995) 
2. ANALYTICAL MODEL  
A prismatic beam formed by three layers is shown in figure 1. 
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Figure 1: Typical composite steel-concrete cross-section. 
The composite cross-section A is assumed symmetric about the plane of bending, the coordinate plane 
YZ being taken as the plane of symmetry. For the composite cross-section considered, A1 consists of the 
reinforced slab, further sub-divided into Ac and Ar, the concrete component and the reinforcement 
respectively, A1 = AcAr; A2 represents the cross-section of the steel joist and it is denoted as Ab; while A3 
represents the cross-section of the longitudinal steel plate referred to as Ap.  
It is assumed that Euler-Bernoulli beam theory applies to all three layers and therefore plane sections 
are assumed to remain plane and perpendicular to the member axis except for discontinuities at the 
connection interfaces. The position of a generic material point P can be expressed in the undeformed state 
of the beam by the vector p as   
  > @LzAyxzyxOP ,0  ,,   kjip  (1) 
in which i,j,k represent the unit vectors parallel to the axes of the adopted ortho-normal reference 
system {O;X,Y,Z}. The composite action is provided by the two shear connections assumed to be 
uniformly distributed along rectilinear lines at the interfaces between the three layers. These shear 
connections allow relative displacements (slip) to occur in the longitudinal direction. The kinematic 
behaviour of the composite beam is expressed in terms of w1(z;t), w2(z;t), w3(z;t) and v(z;t), (figure 2). The 
adopted displacement field can be expressed as d(z;t) = [w1(z;t),w2(z;t),w3(z;t),v(z;t)]T. Differentiating the 
deflection v with respect to the coordinate z along the beam length yields the expressions for the rotation 
404  P. ANSOURIAN / Procedia Engineering 14 (2011) 402–409
T (= -vc) and curvature N (= -vs). The admissible displacement of a generic point in the composite beam is 
shown in figure 2 and defined by vector r(x,y,z;t) as (with i = 1,2,3)  
         > @   > @LzAyxtzvyytzwtzvtzyx iii ,0  ,,      ;;;;,, c kjr  (2) 
The vectors expressing the slips at the interfaces between the top two layers and the remaining two 
respectively are defined as (with j = 1,2)  
         > @kksj tzvhtzwtzwtzstz jjjzj ;;;;; 1 c    (3) 
in which szj is the slip at the interface between layers j and j+1, and hj = yj+1 – yj.  
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Figure 2: Displacement field 
3. MATERIAL PROPERTIES 
The time-dependent behaviour of the concrete is modeled accounting for creep and shrinkage effects 
based on the integral-type creep law (CEB, 1984) as 
           ³
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where t is the time from casting of the concrete (equal to tk), t0 is the time at first loading, time t is 
subdivided by discrete times t0, t1, t2, … ti, … tk, Vc(ti) is the concrete stress calculated at time ti, Htot(t) is 
the total axial strain which combines both stress-dependent and stress-independent strains, İsh(t) is the 
shrinkage strain, and J(t,Ĳ) is the creep function defined as the strain at time t due to a constant unit stress 
acting from time Ĳ to time t. The superposition integral of equation (4) is here approximated by means of 
the step-by-step procedure, applying the trapezoidal rule: (CEB, 1984)  
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where Hck is the total axial strain which combines both stress-dependent and stress-independent strains, 
İshk is the shrinkage strain, and J(tk,ti) is the creep function which is defined as the strain at time tk caused 
by a constant unit stress acting from time ti to time tk. It is assumed that the response is valid in both 
compression and tension for stress levels less than one half of the respective strengths (Gilbert (1988) and 
Bazӽnt and Oh (1984)). It is assumed that the reinforcing bars, the steel joist and the additional 
longitudinal plate behave in a linear-elastic fashion, and Er, Es and Ep are the relevant elastic moduli for 
the reinforcement, steel joist and longitudinal plate respectively. It is also assumed that both shear 
connections, i.e. the one between the reinforced concrete slab and the steel joist and the one between the 
joist and the additional longitudinal plate, are uniformly spread at the interfaces between adjacent layers 
and behave in a linear-elastic fashion  
4. WEAK FORMULATION  
The principle of virtual work is applied to obtain the weak formulation of the partial interaction 
problem for each kinematically admissible virtual displacement. This can be expressed in compact form 
as 
> @^ `   > @ ddQdfdffdT sh ˆ     ˆd ˆdˆ ,0   ³³ L
LL
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where dˆ represents the generalised virtual displacements of the problem. 
The solution of the problem is then sought at each time step in the spaces of the regular functions 
fulfilling the kinematic boundary conditions. For generality, both quasi-static body and surface forces 
have been considered (vectors f and Q).  fsh and fc account for shrinkage and creep effects respectively. 
The stiffness transformation matrix T depicts the material and cross-sectional properties of the member 
and A  and B  are differential operators. A detailed definition of the notation can be found in (Ranzi, 
2006).  
5. FINITE ELEMENT FORMULATION  
A finite element is derived (figure 3) including the axial and vertical displacements and rotations at 
both element ends. The shape functions adopted for the 13DOF element include a cubic function for the 
vertical displacement and parabolic functions for the axial displacements of the layers; internal nodes 
related to the axial displacements have been introduced to achieve these polynomials. This element 
includes the minimum number of freedoms to provide a robust and stable element which does not suffer 
from curvature locking problems. The displacement field is then approximated using the shape functions 
as  
eedNd #  (7) 
where de is the vector of the nodal displacements, and Ne is the interpolation matrix collecting the 
relevant shape functions. The finite element is then derived substituting the approximated displacement 
field of equation (7) in the weak formulation expressed by equation (6) as 
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Figure 3: 13DOF finite element 
6. PARAMETRIC STUDY  
A parametric investigation has been carried. A 25m long beam subjected to a UDL of 64.56kN/m has 
been utilised. (Tarantino and Dezi, 1992). The slab is 2300 mm x 200 mm, the fabricated steel joist has 
top flange 300 mm u 20 mm, web 1550 mm u 15 mm, bottom flange 450 mm u 30 mm; the longitudinal 
plate has a range of dimensions. The influence of the shear connection stiffness between the concrete slab 
and the steel joist and of the stiffness of the plate-to-beam connection has been investigated; for clarity, 
creep and shrinkage effects have been considered separately. Four different stiffening arrangements have 
been considered which include: (i) no additional longitudinal plate (A1); (ii) the longitudinal plate 
extends over the middle quarter span of the beam (A2); (ii) the longitudinal plate is placed over the 
middle half of the beam (A3); (iv) the longitudinal plate spans over the full length of the beam (referred to 
as A4). For clarity, these arrangements are illustrated in figure 4. 
Dimensionless stiffness parameters JjL  (j = 1,2) define the connection rigidities, equivalent to the 
dimensionless DL coefficient (Girhammar and Pan (1993)) for two-layered beams:  
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(a) No longitudinal plate – Arrangement A1 (b) Longitudinal plate over the middle quarter of the span – 
Arrangement A2 
 
(c) Longitudinal plate over the middle half of the span – 
Arrangement A3 
(d) Longitudinal plate over the whole span – Arrangement A4
Figure 4: Stiffening arrangements considered in the parametric study 
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The time-dependent behaviour of the concrete has been modelled by means of the step-by-step 
procedure subdividing the time domain into 80 intervals. The age of concrete at the beginning of 
shrinkage has been taken as 4 days and the external uniformly distributed load has been assumed to be 
applied at 28 days. All material properties have been calculated in accordance with guidelines 
(CEB-FIB, 1993); for this purpose, a relative humidity (RH) of the ambient environment of 80%, a 
concrete strength of 32 MPa, the use of normal and rapid hardening cements N and R, i.e. s = 0.25, have 
been adopted. (CEB-FIB, 1993) Regarding the cross-sectional properties, a 450mm x 50mm longitudinal 
plate has been specified for the different stiffening arrangements unless noted otherwise and different 
combinations of shear connection stiffness have been considered as outlined in table 1. 
Table 1: Shear connection stiffnesses considered in the applications 
J1L k1 (kN/m2)  J2L k2 (kN/m2) 
100 32681684.72  100 34377206.84 
10 326816.84  10 343772.06 
1 3268.16  1 3437.72 
0.1 32.68  0.1 34.37 
Table 2: Variations (%) between the mid-span deflections calculated using the effective flexural rigidity determined following 
guidelines EC5 Annex B and those obtained based on the proposed finite element (with a concrete strength of 32 MPa and a relative 
humidity of 80%) 
Mid-span deflection calculated at time t0 
 
Additional longitudinal plate: 450mm x 50mm 
Concrete strength: 32MPa 
Relative humidity: 80% 
Additional longitudinal plate: 450mm x 10mm 
Concrete strength: 32MPa 
Relative humidity: 80% 
J1L J2L EC5 – v(L/2) in m FEM – v(L/2) in m error EC5 – v(L/2) in m FEM – v(L/2) in m error 
100 
100 0.01970 0.01970 -0.01% 0.02960 0.02959 -0.01% 
10 0.02108 0.02106 -0.11% 0.03005 0.03004 -0.03% 
1 0.03327 0.03326 -0.02% 0.03413 0.03413 -0.01% 
0.1 0.03457 0.03456 -0.01% 0.03458 0.03458 -0.01% 
0.1 
100 0.06728 0.06728 0.00% 0.08668 0.08668 0.00% 
10 0.06988 0.06984 -0.06% 0.08755 0.08754 -0.02% 
1 0.09377 0.09376 -0.01% 0.09557 0.09557 0.00% 
0.1 0.09641 0.09641 0.00% 0.09646 0.09646 0.00% 
NOTE: the error (%) has been calculated comparing the results obtained based on the flexural rigidity calculated in accordance with 
EC5 Annex B and those determined by means of the proposed finite element: 
Error(%) = [solution(FEM)- solution(EC5)]/solution(FEM) 
6.1 Effects of the stiffness of the two interface shear connections  
The four arrangements (figure 4) considered in this parametric study lead to different structural 
responses depending on the combinations of stiffnesses adopted for the shear connection. Figures 5-7 
depict the variation of the mid-span deflection. 
For higher stiffness values of the bottom shear connection  the short-term deflection can decrease up to 
approx. 30% when compared against the unstiffened solution, while the top shear connection stiffness can 
reduce the deflection more than 40% (figure 5). Creep effects tend to slightly reduce the influence of the 
top shear connection while no significant change is noted in time for the bottom shear connection (figure 
6).  
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As expected, stiffer shear connection rigidities between the slab and the steel joist produce greater 
shrinkage loading (figure 7). Also in this case, the rigidity of the bottom shear connection plays an 
important role in the overall behaviour. 
6.2 Comparisons with results obtained by means of EC5 Annex B 
The accuracy of available design guidelines EC5 (1995) dealing with the behaviour of multi-layered 
beams with flexible shear connection have been evaluated. EC5 (1995) provides an expression to 
determine the effective flexural rigidity of a multi-layered member with flexible connection which has 
been utilized to calculate the mid-span deflection based on full interaction theory considering the 25m 
simply supported beam utilised in the previous parametric study with stiffening arrangement A4. Table 2 
highlights the adequacy of the EC5 approach which yields an error less than 1% for all combinations of 
shear connection stiffness (table 1) and for different thicknesses of the longitudinal plate.  
7. CONCLUSIONS 
This paper illustrates an analytical model for the analysis of a composite steel-concrete beam stiffened 
by a longitudinal plate bolted to the bottom flange of the steel member three-layered beams with partial 
shear interaction. The analytical model has been derived using the principle of virtual work relying on a 
specified displacement field. For numerical applications, a novel finite element with 13 degree-of-
freedom has been derived, whose nodal freedoms include the axial displacements of each layer, the 
vertical displacements and the rotations at each element ends. The adopted shape functions include a 
cubic function to approximate the vertical displacement and parabolic functions for the axial 
displacements of the layers; internal nodes related to the axial displacements have been introduced to 
achieve these polynomials. This element includes the minimum number of freedoms to provide a robust 
and stable element which does not suffer from curvature locking problems. 
A parametric study has been carried out to investigate the influence on the short- and long-term 
behaviour of the composite beam of the shear connection stiffness between the concrete slab and the steel 
joist and of the stiffness of the plate-to-beam connection. For this purpose, four different stiffening 
arrangements using an additional longitudinal plate have been considered. The proposed numerical 
examples have highlighted the general applicability of the proposed approach and its ease of use in 
determining the structural response at service level for different retrofitting solutions.  
The accuracy of EC5 guidelines to depict the behaviour of elastic multi-layered beams with flexible 
shear connection has been validated and it has been shown that, for the cross-sectional properties 
considered, the calculation of the mid-span deflections for a simply supported structural system subjected 
to a uniformly distributed load remains within a negligible error, i.e. less than 1%, when compared to the 
finite element solutions. For this purpose, the effective flexural rigidity calculated in accordance with 
EC5 guidelines was utilised to determine the deflection based on full interaction theory. These 
comparisons have been carried out for different combinations of shear connection stiffnesses. 
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